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Unified description of dark energy and dark matter in mimetic matter model
Jiro Matsumoto∗
Institute of Physics, Kazan Federal University, Kremlevskaya Street 18, Kazan 420008, Russia
The existence of dark matter and dark energy in cosmology is implied by various observations,
however, they are still unclear because they have not been directly detected. In this Letter, an
unified model of dark energy and dark matter that can explain the evolution history of the Universe
later than inflationary era, the time evolution of the growth rate function of the matter density
contrast, the flat rotation curves of the spiral galaxies, and the gravitational experiments in the
solar system is proposed in mimetic matter model.
Introduction. Dark energy and dark matter are main
research themes in the current cosmology. Dark energy is
introduced to explain the current accelerated expansion
of the Universe, which is clarified by the observations of
Type Ia supernovae [1, 2], while, dark matter is first in-
troduced to explain the dynamics of the galaxy clusters or
the rotation curves of the galaxies. The existence of dark
energy and dark matter is now strongly supported by
the observations of Cosmic Microwave Background Radi-
ation (CMB) [3–5], Baryon Acoustic Oscillations (BAO)
[6–10], Large Scale Structure of the Universe, and so on.
The most popular model that contain dark energy and
dark matter is the ΛCDMmodel, which is composed from
the cosmological constant Λ and cold dark matter. The
ΛCDM model is almost consistent with the observations,
however, it is a phenomenological model; accordingly the
other possibilities have been also energetically studied.
In this Letter, we will consider mimetic matter model
[11], which was first proposed as a model of dark matter.
However, it was realized later that it can be treated as
a model of dark energy by adding the potential term of
the scalar field [12]. Mimetic matter model is a confor-
mally invariant theory by making the physical metric as a
product of an auxiliary metric and the contraction of an
auxiliary metric and the kinetic term of the scalar field.
We will consider the time evolution of the Universe, that
of the matter density perturbation, the rotation curves
of the galaxies, and the solar system tests of gravity in a
specific model of mimetic matter. In the following, the
units of kB = c = ~ = 1 are used and gravitational con-
stant 8piG is denoted by κ2 ≡ 8pi/MPl2 with the Planck
mass of MPl = G
−1/2 = 1.2× 1019GeV.
Time evolution of the background space-time. The ac-
tion of mimetic matter model we consider is given by
S =
∫
d4x
√
−g(g˜µν , φ)
[
1
2κ2
R(gµν(g˜µν , φ)) − V (φ)
]
+ Smatter, (1)
where gµν = g˜µν g˜
αβ∂αφ∂βφ [12]. The action (1) is con-
formally invariant with respect to the auxiliary metric
g˜µν . Whereas, the equivalence between mimetic matter
model and a scalar field model with a Lagrange multiplier
[13]:
S =
∫
d4x
√−g
[
1
2κ2
R(gµν)− V (φ) + λ(gµν∂µφ∂νφ+ 1)
]
+ Smatter, (2)
is shown in [14, 15]. We use the representation (2) in
the following, because it simplifies the expressions of the
equations. The potential term V (φ) is treated as a gen-
eral function of φ in the equations which come from the
principle of least action, while, in the concrete analyses,
we consider the following potential function:
V (φ) = V1e
m2
1
φ2−m4
2
φ4 + V2e
−m4
3
φ4 , (3)
where V1 and V2 are constants of mass dimension four,
m1, m2, andm3 are positive constants of mass dimension
one. The Einstein equation obtained from Eq. (2) is
Rµν − 1
2
gµνR = −κ2gµνV (φ)− 2κ2λ∂µφ∂νφ
+κ2gµνλ(g
ρσ∂ρφ∂σφ+ 1) + κ
2Tµν , (4)
where Rµν = ∂σΓ
σ
µν −∂µΓσνσ+ΓσµνΓρσρ−ΓσµρΓρνσ and Tµν
is the energy momentum tensor of the usual matter. On
the other hand, the equation given by the variation with
respect to the scalar field φ is the following one:
− V,φ − 2∇µ(λ∂µφ) = 0, (5)
where V,φ ≡ dV (φ)/dφ. The constraint equation given
by the variation of λ is
gµν∂µφ∂νφ+ 1 = 0. (6)
When the spatially flat Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric, ds2 = −dt2+a2(t)∑3i=1 dxidxi,
is taken, Eq. (6) is expressed as
φ˙2 = 1. (7)
Then, the Friedmann equations are written by
3H2 = κ2Σi=b,rρi − 2κ2λ+ κ2V, (8)
−2H˙ − 3H2 = κ2Σi=b,rwiρi − κ2V, (9)
whereH ≡ a˙(t)/a(t). ρi is the energy density of the usual
matter and wi is the equation of state (EoS) parameter
2expressed by wi = pi/ρi. The subscripts b and r represent
baryon and radiation, respectively. From Eq. (5) we have
λ˙+ 3Hλ− 1
2
φ˙V,φ = 0. (10)
The equation of continuity of the matter is
ρ˙i + 3(1 + wi)Hρi = 0. (11)
If V,φ = 0, Eq. (10) is same as Eq. (11) with w = 0.
Therefore, λ behaves as nonrelativistic matter. While,
Eq. (7), in general, yields
φ(t) = ±t+ const.. (12)
We assume const. = 0 in Eq. (12) for simplicity in this
Letter.
Let us consider the concrete form of the potential
function (3). If V1 ∼ M2plH20 , m1 ∼ m2 ∼ H0,
V2 ∼ 105M2plH20 , and m3 ∼ 105H0, where H0 means
that the Hubble constant in the ΛCDM model H0 ≃ 68
(km/s)/Mpc, are assumed, then the term proportional
to V1 behaves as dark energy and the term proportional
to V2 is not contributed to the evolution of the Universe,
because the energy density of nonrelativistic matter at
t ∼ m−13 : ρm ∼ 1014M2plH20 , is much more than V2,
moreover, the suppression term e−m
4
3
φ4 is at work when
t > m−13 . The reason why the values of V2 and m3 are
assumed as above is to explain the flat rotation curves
of the spiral galaxies as shown in the following para-
graph. By the way, V (φ) is almost constant in the regime
t < 10−1H−10 , then λ(t) is approximately expressed as
λ(t) = λ0a
−3(t) by Eq. (10). If the constant λ0 is set
to be λ0 = −ρDM,0/2, where ρDM,0 is the current energy
density of dark matter in the ΛCDM model, then the
term −2κ2λ in Eq. (8) behaves as dark matter. We use
λ0 = −ρDM,0/2 to realize the same expansion history of
the early universe as that in the ΛCDM model in this
Letter.
Figure 1 shows the comparisons of the Hubble rate
function between our model and the ΛCDM model. The
case that the Hubble rate function is larger than that
of the ΛCDM model is in particular depicted in Fig. 1,
because the recent observations of Type Ia supernovae
revealed such a behavior in the low-redshift region [16–
19]. Of course, our model can be consistent with the
ΛCDM model if m1 = m2 = 0.
Matter density perturbation. The master equation of
the matter density contrast δ ≡ δρb/ρb in mimetic matter
model is given by [20]
....
δ +
(
7H − λ˙
λ
)
...
δ +
(
16H2 − 4κ2(ρb − 2λ)− 5H λ˙
λ
)
δ¨
+
3
2
(
8H3 − 3κ2H(ρb − 4λ)− 4H2 λ˙
λ
+ κ2ρb
λ˙
λ
)
δ˙ = 0.
(13)
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Figure 1: Redshift dependence of the Hubble rate function.
The Hubble rate function is normalized by the Hubble con-
stant of the ΛCDM model “H0”. Ωm = 0.31, ΩΛ = 0.69
is assumed in the ΛCDM model. While, V1 is fixed by
V1 = 1.8κ
2H20 .
Equation (13) looks complicated, however, it shows that
a quite similar behavior of the matter density contrast
to that in the ΛCDM model. In the case of Vφ = 0, the
master equation of the matter density contrast can be
written as [20]
δ¨tot + 2Hδ˙tot − κ
2
2
ρtotδtot = 0, (14)
where ρtot ≡ ρb − 2λ, δtot ≡ (δρb − 2δλ)/(ρb − 2λ). If
we regard ρtot as ρm = ρb + ρDM, Eq. (14) is completely
equivalent with the equation of the matter density con-
trast in the ΛCDM model. Paying attention to the fact
that V,φ ≃ 0 is held around z = 10 enables us to use
f(z = 10) ≃ 1, where f ≡ d ln δ/dN is the growth fac-
tor of the matter density contrast and N = ln a, as an
initial condition of the numerical calculations. The cal-
culation results of the growth factor are shown in Fig. 2.
The deviations from the ΛCDM model in Fig. 2 appear
in higher redshift and they become larger compared to
those in Fig. 1. While, we can recognize that the lower
growth rate is realized when the Hubble rate is higher as
expected.
Spherically symmetric solutions. In the static space-
time with spherical symmetry, ds2 = −e2Φ(r)dt2 +
e2Ψ(r)dr2 + r2(dθ2 + sin2 θdϕ2), the constraint equation
(6) is written by
e−2Ψφ′2 + 1 = 0. (15)
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Figure 2: Evolution of the growth rate function f(z) =
d ln δ/dN . The initial conditions are assigned as f ′′(10) =
f ′(10) = 0, and f(10) = 1. The values of the parameters are
same as those in Fig. 1.
Then, the Einstein equations in the case ρ = p = 0 are
given as
1
κ2
(
1
r2
− 2Ψ
′
r
)
e−2Ψ − 1
κ2r2
= −V, (16)
1
κ2
(
1
r2
+
2Φ′
r
)
e−2Ψ − 1
κ2r2
= −V + 2λ, (17)
1
κ2
(
Φ′′ +Φ′2 −Ψ′Φ′ + Φ
′
r
− Ψ
′
r
)
e−2Ψ = −V. (18)
The equation of the scalar field (5) yields
λ′ +
(
Φ′ +
2
r
)
λ− 1
2
φ′V,φ = 0. (19)
If Vφ = 0, it is possible to analyze the above equations,
because Eq. (19) can be exactly solved [21, 22]. It is, in
general, difficult to solve Eqs. (16)-(19), because of the
nonlinearity of the equations. However, if we assume the
conditions |Ψ|, |rΨ′|, |Φ|, |rΦ′| ≪ 1, we can evaluate the
behavior of the functions Ψ(r) and Φ(r) as follows. First,
Eq. (15) gives
φ(r) = ±ir + const. (20)
If we fix const. = 0 in Eq. (20), the field φ(r) becomes
pure imaginary. One may think it is problematic. How-
ever, there is no problem as long as the potential V (φ) is
an even function, because the equations are, then, only
described by the real functions. The concrete form of
λ(r) is given by solving Eq. (19) in the limit |rΦ′| ≪ 1:
λ′ +
2
r
λ− 1
2
φ′V,φ = 0. (21)
While, if we express Φ(r) and Ψ(r) as Φ(r) = r0/r +
δΦ(r), where r0 is a constant, and Ψ(r) = −Φ(r)+δΨ(r),
then Eqs. (16) and (17) yield
δΨ′(r) = κ2rλ(r), (22)
∂r(rδΦ(r)) = δΨ(r)− κ
2r2
2
V (r) + κ2r2λ(r). (23)
Here, δΦ(r) and δΨ(r) express the deviations from the
vacuum solution Φ(r) = −Ψ(r) = r0/r. Equations
(22) and (23) give the explicit forms of Φ(r) and Ψ(r),
however, we should remember that we first assume the
conditions |Ψ|, |rΨ′|, |Φ|, |rΦ′| ≪ 1. By taking into ac-
count that |r0/r| = GM/r ≪ 1 is usually satisfied (e.g.
GM⊙/R⊙ ∼ 10−6), what we should make sure is the
conditions |δΨ|, |rδΨ′|, |δΦ|, |rδΦ′| ≪ 1. Substitutions of
Eqs. (22) and (23) into |δΨ|, |rδΨ′|, |δΦ|, |rδΦ′| ≪ 1, in
general, give a constraint for r. In other words, the con-
ditions |δΨ|, |rδΨ′|, |δΦ|, |rδΦ′| ≪ 1 give a domain of the
solutions (22) and (23). Then, the numerical calculations
can be executed by regarding the solutions (22) and (23)
as the boundary conditions, and the behavior of the so-
lutions in the whole region will be clarified.
Let us consider the case that potential function is
given by Eq. (3). In the region that m1r ∼ m2r ≪
1, and m3r ≪ 1 are satisfied, the potential function
V (φ) and its derivative are approximately expressed as
V (r) ∼ V1(1 − m21r2) + V2(1 − m43r4), and φ′V,φ(r) ∼
−2(V1m21 + 2V2m43r2)r. Then, Eq. (21) gives
λ(r) =
s1
r2
− 1
4
V1m
2
1r
2 − 1
3
V2m
4
3r
4, (24)
where s1 is an arbitrary constant. Substituting Eq. (24)
into Eqs. (22) and (23) yields
δΨ(r) = c1 + κ
2s1 ln
r
r1
− 1
16
κ2V1m
2
1r
4
− 1
18
κ2V2m
4
3r
6, (25)
δΦ(r) =
r2
r
+ c1 + κ
2s1 ln
r
r1
− κ
2
6
(V1 + V2)r
2
+
3
80
κ2V1m
2
1r
4 +
1
63
κ2V2m
4
3r
6, (26)
where r1, r2, and c1 are arbitrary constants. When the
arbitrary constants s1, r2, and c1 are negligibly small,
|δΨ| ≪ |δΦ| ∼ κ2|V1 + V2|r2/6 are held. Then, the con-
dition |δΦ| ≪ 1 gives a constraint for r: r ≪ 10−2H−10 .
Here, V1 ∼ H20/κ2 and V2 ∼ 105H20/κ2 are assumed.
On the other hand, the conditions m1r ∼ m2r ≪ 1
and m3r ≪ 1 give r ≪ 10−5H−10 if m1 ∼ m2 ∼ H0,
4m3 ∼ 105H0. Therefore, Eqs. (24)-(26) are valid in the
region r ≪ 10−5H−10 .
The behavior of the solutions around r = 10−5H−10 are
also comprehended by using Eqs. (24)-(26) as boundary
conditions. The radius dependence of
√
rδΦ′(r) in the re-
gion r = 10−6H−10 − 10−5H−10 is shown in Fig. 3. δΦ(r)
is well approximated as δΦ(r) ≃ −κ2V2r2/6 around r =
10−6H−10 , while, the damping factor e
−m4
3
φ4 in Eq. (3)
becomes effective when r is larger than 10−6H−10 , there-
fore, the inclination of
√
rδΦ′(r) becomes gentler than a
straight line as seen in Fig. 3. The reason why
√
rδΦ′(r)
is plotted is that the rotation speed of a galaxy is approx-
imately given by v =
√
rΦ′(r) =
√
rΦ′0(r) + rδΦ
′(r),
where Φ0(r) is the Newtonian potential of the galaxy, if
the circular motion is assumed. Namely,
√
rδΦ′(r) repre-
sents the corrections for the rotation speed from mimetic
matter. The curves in Fig. 3 may look rather steep, how-
ever, the potential made by baryons in the galaxy: rΦ′0(r)
will make the rotation curve flatter.
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Figure 3: Contributions to the rotational velocity from
mimetic matter. Here, the scale 10−6cH−1
0
corresponds to
∼ 4 kpc, and v ≃ 3
√
rδΦ′(r) × 105 km s−1 is given when
Φ′(r) ≃ δΦ′(r). The arbitrary constants in Eqs. (24)-(26) are
fixed as s1, r2, c1 = 0.
The gravitational behavior of our model in the solar
system is given by
δΨ(r) = c1 + κ
2s1 ln
r
r1
, (27)
δΦ(r) =
r2
r
+ c1 + κ
2s1 ln
r
r1
− κ
2
6
(V1 + V2)r
2, (28)
because the radius r is enough small. If the arbitrary
constants are fixed as c1 = s1 = r2 = 0, then the solu-
tions (27) and (28) are consistent with the Schwarzschild-
de Sitter solution. We should note that V2 is greater
than usual cosmological constant by five orders of mag-
nitude. However, it is known that the metric functions in
Schwarzschild-de Sitter space-time can pass the solar sys-
tem tests even if the value of the cosmological constant is
greater than usual one by five orders of magnitude [23].
Conclusions. In this Letter, an example of the unified
discription of dark energy and dark matter in mimetic
matter model has been shown. This model can also
describe the same time evolution of the Universe and
the matter density perturbation as those in the ΛCDM
model, however, the case that the Hubble rate function
is greater than that of the ΛCDM model in low-redshift
region have been, in particular, considered, because the
recent observations of supernovae show such a behav-
ior in the Hubble rate function. Then, the growth rate
function of the matter density perturbation becomes less
than that of the ΛCDM model. It is also consistent with
the observational results. Whereas, the term V2e
−m4
3
φ4
has been introduced to explain the flat rotation curves
of the spiral galaxies. This term does not influence the
background evolution of the Universe, but influence the
galaxy-scale physics. Moreover, it can easily pass the
solar system tests of gravity. While, the corrections for
gravity in the galaxy scale are independent from the mass
of the galaxies. They only depend on the parameters V2
and m3. Therefore, detailed studies of the baryon den-
sity distribution of the galaxies will clarify whether or
not this model is valid.
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